ON THE PROPERTIES OF POLYNOMIALS SATISFYING
A LINEAR DIFFERENTIAL EQUATION: PART I*

BY
[. M. SHEFFER

Introduction. Sequences of polynomials such as the Legendre, the La-
guerre and the Hermite polynomials appeared in mathematics many years
ago, and their properties have been investigated by numerous people. They
satisfy simple difference equations, and also are solutions of linear differential
equations of second order. The expansion problems (in the complex plane)
associated with them are not so old. For the Legendre polynomials the region
of convergence was determined by C. Neumann.{ More recently the conver-
gence regions for the Laguerre and Hermite polynomials were treated by
0. Volk.} The paper of Volk considers, more generally, the boundary value
problem (in the complex domain) for a second-order linear differential equa-
tion, not restricting attention to polynomials. The nth-order equation has
since been treated, as a boundary value problem, by L. Bristow.§

Up to the present, however, there has been no general study of the proper-
ties of polynomials satisfying a linear differential equation of order higher
than two. The present paper has in view such an investigation. There is
another aspect to our treatment. In an earlier work we considered the proper-
ties of arbitrary sets of polynomials,|| associating with each set a linear dif-
ferential equation, usually of infinite order. We obtained certain formal
properties, whose complete justification required convergence proofs. The
present paper deals with these matters for the case of a finite order equation.

§1 is preliminary: we state two theorems of Perron, and prove a corollary
that is of use later. §2 introduces a fundamental differential equation whose
polynomial solutions {y.(x)} we investigate, as well as the entire function

* Presented to the Society, December 27, 1929, under the title The polynomial solutions of
linear differential equations; Expansions; received by the editors May 10, 1932.

t Uber die Entwicklung einer Funktion mit imaginirem Argument nach den Kugelfunktionen 1.
und 2. Art, Halle, 1862.

1 Uber die Entwicklung von Funkiionen einer komplexen Verinderlichen nach Funktionen, die
einer linearen Differentialgleichung zweiter Ordnung mit einem Parameter geniigen, Mathematische
Annalen, vol. 86 (1922), pp. 296-316.

§ Expansion theory associated with linear differential equations and their regular singular points,
these Transactions, vol. 33 (1931), pp. 455-474.

|| On sets of polvnomials and associated linear funclional operators and equations, American
Journal of Mathematics, vol. 53 (1931), pp. 15-38. We shall refer to this paper throughout as Sets.
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solutions {D.(#)} of the dual equation. §3 deals with general theorems on
sets; §§ 4 and 5 give inequalities and resulting theorems of expansion; and
in §6 we obtain certain biorthogonality relations and differential equations
for functions allied to {y.(x)} and {D.(¢)}.

The important problem of expansions in the polynomials {y.(x)} has
hardly been touched. It demands considerations of another order from those
of the present paper. Accordingly, we postpone its treatment to Part II.

1. Preliminary: The Perron theorems. We have need of the following
two theorems (A and B) due to Perron:*

THEOREM A. Consider the rth-order difference equation
@) ap%; + auXipn+ - -+ Xy =0 (i=0,1,---).
Let lim;_,, a;; exist, =a;,j=0,1, - - - [ r—1 andlet q, - - -, qi be the distinct
absolute values of the roots of the characteristic equation
a+az+---+327=0.

Let en=the number of zeros of absolute value gn(er+ - - - +en=r). Then if
a:0#0 for all i, there is a fundamental set of r solutions divided into k classes,
such that the mth class contains e of these, and these en solutions satisfy the
condition lim sup |x,|V/"=gum.

|THEOREM B. In the system of equations in infinitely many unknowns

(ii) Z(an + bin)Xign = ¢ (i=0,1,--- )

n=0
let the following conditions hold:
o+ bio#0 (i=0,1,---); limsup|e|Vigt;
| bin| < k67,0 <6< 1; lim ki =0;

F(z) = > a.s"is analyticin | 2| < 1.
0

If in |2| <1, F(3) has n zeros (multiple roots counted multiply), then the general
solution of (ii) satisfying the condition lim sup |x, |V* <1 contains n arbitrary
constants.

It is not apparent from the statement of Theorem A that a solution
{#.} (not=0) cannot be formed for which lim sup |« |!/* <min (g, - - -, g&).
As we need this fact, we shall establish

* Uber Summengleichungen und Poincarésche Diflerenzengleichungen, Mathematische Annalen,
vol. 84 (1921), pp. 1-15.
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LeMMA 1.* Under the hypotheses of Theorem A there is no solution not iden-
tically zero for which lim sup |x, |/» <min(gy, - - - , g&).

Regarding x = (%, x1, - - - ) as a vector and L[x] as the vector operator
that carries « into the vector y with ith component

Yi = Gio%i + @uXip1 + ¢ 0 0+ T,

let us determine an operator M that is inverse to L: M L[x]=x. Let the ith
component of M [x] be

m % + Miip1Xipr + 0 M B -

Then we are to have, identically in the {x},
0
Zmn(dioxi + g + -+ X)) = .
=g

This gives the equations

Mesls0 = 1,
() MaaBei + My 011004151+ <+ + M 04iapi0 = 0 (i=1,---,17);
My ot i0stir + Mot it1Geriv1o—1 + * ° ° F My ot jirBatjpr0 =0

(j=1:2:"°)-

Since @070 for all 7, the quantities m;; exist and are unique. M is then deter-
mined. It remains to consider convergence. Let s be fixed, and set

(b) N = My ,exk, Okir—i = Qusk,i-
Then we have the equations
(c) biom; + b;+1,1n¢+1 + -4 bi+r.r'ni+r =0 (i = 0, 1) Tt )

for mo, m1, - - - . It is easily verified that the conditions of Theorem A hold
for (c), so that for every solution {#:} of (c) we have lim sup |n;|V/*<
max (||, - - -, |t|), where &, - - - , ¢, are the zeros of 1+a,_st+ - - - +aot’
=0. Now if min (gy, - - -, g&) =0 the lemma is vacuously true. We may then
assume that min (g, - - -, ¢x) =A>0, in which case ¢o%0. Then 8, - - -, ¢,
are the reciprocals of the roots of the characteristic equation of (i), so that
lim sup |z |V*<1/\. To €>0 we have |m,,.11| S K.(€)/(A—¢€)* for all s.

Now suppose a solution {z,} of (i) exists such that lim sup |x, [t/» =8 <.
Then to ¢’ >0 we have |x,|<C(')(+¢)". Let y=max(|aw], - - -, laa|)
for all 7. Then

* A statement, without proof, of this lemma is given in Norlund, Differenzenrechnung, 1924,
p- 309.
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| {L[x]}al = l Gio%; + - - - + xq.fl

SOyl + e+ + G+ )] = CyHG + ),
where the definition of H is obvious. Therefore

@+e)y (64 é)H
\—¢° o)) + ]

| {MIL[=]1}.] gx.cgy[

L) 4 t
— KCHv(G + €)' Y (H'e) .
T =0 \A — €
On choosing ¢,e’ small enough the infinite geometric series converges. Hence,
when we substitute L [x] into M, forming ML [x], and in the sth component
combine coefficients of the same x,’s, we obtain an absolutely convergent
series; the process is then legitimate. But L[x]=(0, 0, - - - ), and since
ML[x]=z, it follows that x=(0, 0, - - - ). This proves the lemma.
2. Solutions of a differential equation and its dual. Our principal aim is
the study of the polynomial solutions of the kth-order linear differential
equation

(1) Lly@)] = L(®)3(2) + L(#)y'(2) + - - - + Li(x)y® (x) = Ny(a),
where
(2) L.(x) = lio + l.~1x + e 4 l;ix‘ (1: = 0, 1, ctty k)

is a polynomial of degree not exceeding 7 and \ is a parameter, and of its dual
equation (soon to be defined). We define N\, by

(3) )\,.=loo+nlu+n(n— 1)l22+ .. +n(n— 1) e (ﬂ— k+1)lkk.
THEOREM 1. If* N =\,, m#=n, and if 1,0, the equation

@ Lly®)] = ry(=)
has an entire function solution (#0) if and only if N\ has one of the values
AN=No,\y, - - - ; and when N =\, there is just one entire function solution, namely

a polynomial y.(x) of degree exactly n.
To demonstrate this, substitute into (2) the power series y(x) =D 5 ynt™
On equating coefficients we find the following equations for the y;:
(5) (xn - ))yn + On,nt+1Yn+1 + On,nt+2Yn+2 + et + OpntkYntk = 0
(n"_‘oilx"'):

* If lix=0 or A, =M\, for some m#n, it is necessary to modify some of our later arguments, and
we leave such considerations out of the present paper.
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where

On,ntl = llo(" + 1) + l21(” + 1)” +---+ lk.k-l(" +n--- (” —k+ 2),
a2 = loo(n +2)(n + 1) + lsy(n + 2)(n + V) + - - -
(6) + lg—a(n+2)(n+1) - (n— k+ 3),

otk = o + B)(n+ kb — 1) - (n+41).

For definiteness let us suppose that* /0. We then obtain the difference
equation

, kn - A On,nt1
(5" In + Yot1+ T Y =0 (n=0,1,--.),
On,ntk On.ntk
with
A — A l On,nti l Jk—1
) lim = fm o Go k= 1),
n=w Op,nik lkO n=wo Op nitk lkO

The characteristic equation of (5’) is
(8 e+ bt + -+ Lottt =0 (I # 0).

Let a(>0) be the least absolute value of the roots of (5’). Then, by Lemma 1,
for every solution {y,} we have lim sup |y, |!/»Z« provided As£Xo, Ny, - - - .
Hence in this case y(x) =) gy.x", with radius of convergence <1/a, cannot
be an entire function (unless y(x) =0).

Now let A =X\,. A solution of equations (5) is seen to be Y1 =Vp2= - - -
=0, y, arbitrary (but 0), and ya_1, Yu—s, - - -, Yo determined uniquely and
successively (in view of N\,,#\,) from the (—1)st, (r—2)d, - - -, Oth equa-
tions of (5). Hence one entire function solution of (4) for( A =X\,) is the poly-
nomial

) Ya(%) = Yo + Yu1x + - - -+ Yok, Yna # 0.

To show that there is no other entire function solution, ignore the first
n+1 equations of (5’). The system of equations remaining has the limits (7)
for its coefficients. Moreover, now the coefficients of that v, of lowest index in
each equation is different from zero, so that Lemma 1 again applies, and the
only entire function solution (for the modified system of equations) is the
function zero. That is, the only entire function solution of (4) is one whose
coefficients beyond x* are all zero. And, since a polynomial solution of degree
=mn is unique, as we have seen, the theorem is established.

* If I10=0, (5) becomes a difference equation of order <%, but the same conclusion will follow.
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DEFINITION. The numbers {\.} may be defined as the characteristic numbers
of equation (4).

Let us in (1) replace each y® by ¢#¢, thus obtaining the function
(10) L(t; ) = Lo(x) + Li(x)t + - - - + Le(x)t*;
or,
L(t; ) = (oo + bt + - - - + Lot*) + 2(ut + lont? + - - -
(10") + lLat®) + - -+ xE(lat®)
= Lo(t) + La®Ox + - - - + Lalt) x>

Now in (10’) replace each power x¢ by the derivative D®(f) of a function*
D(#). This gives us a differential expression which we term the dual of (1):

an  LoO]=LODO + LD + - - + LHDP().
Evidently, (1) is the dual of (11). Similarly, we term equations (4) and
(12) L[D®] =rD0)

dual equations.

THEOREM 2. If N5\, m5“n, and 1, #0, equation (12) has a formal power
series solution about the origin if and onlyt if N\=XNo, Ay, - - - ; and when X=X\,
there is precisely one such power series, Da(t)(#£0), and it is an entire function
with an nih order zero at the origin.

To prove this substitute the power series D(f) =Y d.t* into (12) and
equate coefficients. This yields the equations

(13) A\ —Ndn + ann1nr+ tnnsbdn2+ - - - + @nnidar =0 (=0,1, - - -)
where
-1 = lo+ la(n — 1) + lp(n — 1)(n — 2) + - - -
+hpa(n —1)(n—2)---(n—k+1),
(14) apmo2=lo+lan—2)+ - -+ lso(r—2) - - (n—k+1),

Op,n—k = lko.

If N#No, Ny, - - - then successively we get do=d,= - - - =0, so that the
only formal power series solution is D(f)=0. Now suppose A=\,. Then
do=di= - - - =d,1=0, d, is arbitrary, and d.;1, daye, - - - are successively

* See Sets, loc. cit., pp. 31-32.
t Consequently, we may say that equations (4) and (12) have the same characteristic numbers.
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and uniquely determined (in terms of d,). Hence there is just one formal solu-
tion, Y=, dit'. We proceed to show this solution is an entire function. The
first n+1 equations of (13) drop out, giving us

(xa - >\n)d¢ + aa.a-lda—l + -4 aa,s-kds—k =0 (S =n 4 1, n+ 29 te );
and, on setting r =s—k, we get the difference equation

Oy k,r4+k—1 Olrik,r d

Aoyt + ——drjpr + - - - + r=0
(13") MU W Vst Mtk = An
r=n4+1—-—lkn+2—F%---),
with
(15) limw=0 G=1,---,k),

7= xr+lc - )‘n

and with the characteristic equation
(16) tk = 0.
By* the Perron Theorem A, for every solution of (13”) we have lim sup |d, |1/

=0; and this implies that D(¢) is an entire function.
We can say even more:

COROLLARY. The solution D.(t) =D i, dnst’ corresponding to A=\, satisfies
the inequality

lim sup | D,(.')(O) |t7s < p = maximum absolute value of the zeros of Li(x),
8=00
so that the function A,(t) defined by
) A() = D ildnitt

has a radius of convergence at least equal to 1/p.
To show this, let dn;=1;/7!; then (13’) leads to the difference equation

Orik,r4+k—1

Urtk +m (r+ B)veprr + - - -
(13")
Oyt k,r
+—+ R +Ek—-1)-- (r+ 1)1 =0,
xr+k - xn
with

* If lxo=0, (13') is a difference equation of order less than &, but the same conclusion follows.
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r- Jo+k—1 l__.'

lim L R =) R i 1) =

r-w)\r+k— n kk
(7:=1"")k)1

and to the characteristic equation L;(#) =0, whose largest zero is in absolute
value p. Now the coefficient of », in (13’’) is never zero.* Hence, from
Theorem A, lim sup |2, | <p; and from this the corollary follows.-

D,(?) is the so-called Borel entire function associated with A,(f) and the
two are related by the following integral:

1 ety 1
(19) D.() = — [ Za (—) du,
2riJe u u

where C is a closed contour surrounding the origin and lying wholly outside
of |u|=p.
Similarly, if we set

(19) yn(x) = O!yno + llynlx + cte + ”!ynnx",
then y,(x) is the Borel entire function for ¥ ,(x), and we have
1 e 1
(20) ya(x) = —"f — V. <—) du,
- 2miJr u %

I" being a closed contour surrounding the origin.

DEFINITION. An analytic function f(t; x) is self-dual with respect to the
above operators L, L, operating respectively on the variables x and ¢, if

Llft; »] = Clfe; 9]
COROLLARY. e'2 is a self-dual, and
(21) Lle=] = L[e=] = et=L(¢; x).

3. Associated sets of functions; the sets Py, O». Let us now consider the
following parametric differential expressions corresponding to (1) and (11):

(22) Lily®] =Llyx»] - 2y(),
(23) LD ] = LID®] —2D().

Define the set of polynomials Py: {P.(x; \)} by

P.(z;\) = La"] = (Lo(2) — Na™ + nLy(x)a> 1+ - - -

(24)
—I—n(n-—l) ("’— k+1)Lk(x)x”—k (”=0) 1""))

* That is, if lxo#0. Should /xo=0 (here and hereafter), the remark of a previous footnote applies.
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and the set of functions Py: { P,(¢; \)} by
Pu(t; ) = L[] = (Lo® — Ner + 0Ly + - - -

Famn—1) - (n— b+ DLOBF (=01, ).
We see that P,.(x; \) is a polynomial in z, of degree » if Ao, Ay, - - - , and

that ®@,(¢; \) is a polynomial in ¢, of degree not exceeding n+%, with a zero
at the origin of order at least #.

(25)

DEFINITION. Let H(t; x) be a symbol for a formal power series in t with
coefficients that are formal power series in x, so that when it is expressed formally
as a power series in x, the coefficients are (formal) power series in t:

H(t; x) ~ ih,.(x)t"/n! ~ f:&c,.(t)x"/n! (ha(x), 3C.() power series).
0 0

Then we say that the two sets of functions {h.(x)}, {3.(t)}(n=0, 1, - - - ) are
associated sets.

LEMMA 2. The two sets Py, P\ given in (24, 25) are associated sets, and, for*
all x and ¢,

(26) DoP.(x; Ntr/nl = D P.(t; Nar/n! = et=Ly(t; x) = (definition) P(¢, x; \),
n=0 n=0

where

27 L\(¢; x) = L(@¢; x) — \.

(26) follows from (24), (25) and (21). The convergence of (26) is im-
mediate.
If we expand (24), we obtain

(28) Pn(x; )\) = (>\n - x)xﬂ + o'n—l,nx"_l + O'n—z,nx”_z + T + o'n—k.nx"—k,
where the o;; are given by (6).
In our theory of sets of polynomials{ we considered the multiplication of
sets. Thus, if P: {P.(x)}, Q: {Q.(x)} are any two sets, where
Pn(x) = pnﬂ + Pnlx + D + Pﬂﬂx”) Qn(x) = QnO + inx + cet + anx”,
then PQ is the set {PQ.(x)}, where
PQn(x) = pnOQO(x) + PnIQI(x) F+ A PunQn(x) (n=0,1,- - ).

In particular, a set Q is the inverse of P if PQ =1 where I is the identity set:
I.(x) =z~ It is easy to see that an inverse Q exists if and only if P,(x) is of

* (26) is formally true in the general theory of sets of polynomials.
t Sets, p. 16.
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degree exactly n for every »; and in this case Q is unique, and P is also the
inverse of Q: QP =1.

Now P,(x; N) is of degree exactly #(As%\o, Ay, - - - ). Hence the set Py
possesses an inverse set Qz: {Q.(x;N) }. Since P\Q\ =1, there follows from (28)

Lemua 3. The set {Qa(x; )} satisfies the difference equation

(kn - k)Qn(xy x) + Un—l,nQn—l(x; )‘) + AR + o'n—k,nQn—k(x; x) = x"

29
( ) (”=0)1;"°)°
Examination of the first few Q.(x; \)’s suggests

LEMMA 4. Q.(x; N) is a rational function of N, having at most* simple poles
at)=)\o, )\1, SN Y

This is true for =0, 1 as is readily seen. The Lemma then follows by
induction from (29).
From (24) we find that

(30) LiQu(2; N)] = QPu(z; M) = an (n=0,1,---).

If we multiply through by #/#! and sum formally from # =0 to o, we obtain

(31) L[0¢, x;N)] = e=
where
(32) 0, ;N = iQ»(x; Nir/nl.

We proceed to show thatf (32) is uniformly convergent in ¢ and x in some
region, thus making (31) valid.

On dividing (29) through by ¢,._,., we obtain a system of equations for
Qo, Oy, - - - satisfying all the hypotheses of Perron Theorem B, the function
F(z) here being Li(z)/l, provided |#|<1. If Li(s) does not have all its
k zeros in |z| <1, we cannot apply Theorem B to all the solutions of the
system in question. This difficulty can be overcome by modifying the system
as follows:

Let p again denote the largest absolute value of the zeros of Li(z) and
set Q.(x; ) =p*R,(x; \). We then obtain for {R,} the system of equations

* Individual Qn(x; N)’s may fail to have a pole at some of these points; e.g., Qi(x; N) will not
have A as a pole if /;0=0. It is however easy to prove that Qu(x; N) always has M, as a pole (i.e., if
x is not given special values).

1 Q(, =; \) is a function of \ as well; we must therefore avoid such values of A as will make
Q(, x; \) singular.



194 1. M. SHEFFER [January

Okts,o+1 Nets — N xotk
pRus + + -+ o pRR, =
Os,0+k Os,8+k Os,04kP°

(a) R, + (s:()’l,...).

This system satisfies the conditions of Theorem B, if we restrict x to lie in
|| <p, and the function F(z) is here (1/lk0)Li(2p). Now the characteristic
roots all lie in |z| <1 so that by Theorem B, the general solution of (e) for
which lim sup |R, |!/*<1 contains % arbitrary constants, exactly as many as
enter into the general solution of (a). Hence, every solution {R,} of («) satis-
fies the condition lim sup |R, [!/*<1. We thus have

CorOLLARY 1. For |x|<p,

(33) limsup | Qu(x; M) [ V2 S0 (N5 Ny gy - -y Aa).

We have, moreover, uniformly* in || <p,
(33" | Qu(x; M) | < Clo + o).
Here >0 is arbitrary, and C does not depend on «.

If we had defined R,(x; \) by Q.(x; N\) =8R,(x; \), §=p, the argument
made above would continue to hold, giving us

COROLLARY 2. For || <8, 8(=p) arbitrary,

(34) limsup | Qu(x; M) [V <86 (A= Ny Ay, - -0, N);
and
(34") | Ou(2;N) | S Co(6 + o7

uniformly in |x| <8. Here >0 is arbitrary, and C; depends only on € and 5.
Since § may be chosen arbitrarily large we have
THEOREM 3. The function Q(¢, x; \) given by (32) is analytict in 8, x, \; it
is an entire function in t and x, and its singularities in \ are at most at the points
A=Xo, Ny, « - - . Moreover (31) holds for every t, £, N N=No, Ay, - * - ).

Let us return to the theory of sets.} We have there given the

DEFINITION. A triangular set of functions {P.()}, n=0,1, - - -, is a set
of formal power series in t such that P.(t) begins with a power of ¢ not less than n:

(Pn<t) ~ Tont™ + 7"n,n<}-ltn+1 + .

* The uniformity can be established from the Perron proofs.

t Relation (34’) is also uniform in every bounded A-region, the points A=2Xo, Ay, * -+ + being de-
leted.

I Sets, p. 32.
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For such sets multiplication is defined as follows:
PR = {PRN)}: PRL(t) ~ Tan2a(®) + Tant1Quni(®) + -+ (n=0,1,- ).
If, in particular, PQ =3 where 3: {3.(f) =t} is the identity set,then Q is the
inverse of P. Such Q exists if and only if 7.0, #=0, 1, - - - | and then
is unique, and P is the inverse of Q.

Let P: {P.(x)} be a polynomial set, and P: {P.(f)} the associated set.
(P is then a triangular set.) On setting

Pn(x) = Pno + pnlx + M + prmxn, ‘Pn(t) I P A + Wn.n+lt”+l + Tty
it is seen that the property of being associated sets is equivalent to the rela-
tions

Tan = me,

Tn,ngs = Pn+i.n/((”+ i)(”'l"' i— 1) Tt (”+ 1)) (i = 1) 2) tee )’

We can establish the following general theorem on sets:

(35)

THEOREM 4. (a) Let P, P be associated sets, and Q, Q their respective in-
verses. Then Q,  are associated sets.

(b) If P, Q are inverse sets, and P, Q their associated sets, then P,  are
inverse sels.

Consider (a). Let
On(®) = gno+ + - + gua™,  Qa(d) ~ Knnl™ + Kn g™ - - - L
From PQ =17 and PQ =3 we obtain the relations
Pn0Q0(®) + - - + Pan0a(%) = 2%, T Qa(®) + Tant1Qupa () + - - - ~ 27,

1,i=0,

(a) pann.n—i + P».n—lQn-—l,n—i + ctt + Pn,n—iQn—i,n—i =93 .
0’¢=1,...,n;
1,:1=0

(ﬂ) Tankn,nti + Tn,nt+1Knt1,n44 + vt + Tn,ntiknti,ngs = { ’ . ’
0,i=1,2,.---..

The theorem will be proved if we establish that

@
Knngi = Gnyin/ (B +13) -+ - (n 4+ 1)) (i=1,2,-:-),
or, that s, nyi=Knnsi, =0, 1, - - -, where
San = (nn,
(ii) !

Santi = Qn+i,n/((n + 7') e (” + 1))°

In equations (a), substitute for ¢, .+ its value in terms of s,4:,.. Moreover,
in the resulting equations, leave the first equation unchanged, replace # by
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n+-1in the second, # by #+2 in the third, and so on. This gives the following
equations ('), equivalent to equations (a):
1,1 =0,

(@) TnpintiSnnti F TnpictntiSnntict + - 0 F TnntiSan = { .
0,i=1,2,---.

We verify at once that Sus=«Knn, Sn,nt1=Kn,nt1. SUPPOSE Sn,nti=Kn,nsj fOF
j=0,1, ..., 7—1. We shall then prove it for =z, and the theorem will be
demonstrated. Denote respectively by E,o, En, -« + ; Fno, Fm, - - - the left
hand members of (o) and () for =0, 1, - - - . Now form linear expressions
in the s’s and «’s, respectively:

E; = 7o ntiBnyio + Tnmpic1iBaricin 4 - ¢ 0 ToaFBai = Tnontiy

Fi = mp ngiFno + Top104iFa1 + - 0 F ToginteiFai = Tangie
The coefficient in E; of $pti—p,nti—ptq 1S readily seen to be ma, ntimp Tatiptantiy
and this is also the coefficient of knti—p,nti—piq in Fy. Hence from E;=F; and
our induction assumption, it follows that Tus Tnti.nei Snnti = TatintiTnnkn,nti-
But mun=p.>=0, #=0, 1, - - - (since P possesses an inverse). Therefore,
Sn,n+i= Kn,nt: and the induction is complete.

To establish (b), let Q* be the inverse of P. Then by (a), Q and Q* are
associated sets. But the associate of a set is unique, so that = Q*.

Consider the associate sets Py, P, of (26). The coefficient of #* in P,(¢;

\) is not zero for A=\, Ay, - - - . Hence P, possesses an inverse Qu: { Q(¢;
M)}, and by Theorem 4 we have the

COROLLARY. Q) and Q, are associated sets, and
(36) Qt, %;8) = 2 0u(x; Ntr/nl = 3 Qu(t; Na~/nl,
n=0 n=0

the series converging uniformly in every bounded x, t, N region (on deleting the
points N, Ay, - - - ).

From the definition (25) of P, we have (using (14))
(B7) Pa(t; M) = s = NI + 1,0 + anpz ™2+ - - - 4 aapr.af™HE.
On equating corresponding coefficients in P,Q» =3 there results the following
difference equation for Q.(¢; \):
M = Nt N) + ant14at1(EN) + - - -+ A n Qs N) = 27

(38) (”=011)"')‘

Now Q, is the inverse of Py, so that we have

(39) Ll V] =,
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(40) L[0@, 2;0] = LQG, ;0] = et=. (See (31, 36).)

On applying the operator .Ca to (32), we then have et==2_°Q.(x; N\).C, [t*]/n!,
or

(41) e's = 3 0n(x; N) Palt; N)/nl.
ne=0

Similarly we obtain

(42) etr = 3 Qu(t; N Pu(x; \)/nl.
n=0

The series in (41, 42) converge uniformly for all £, x, A bounded (on deleting
A=Xo, Ay, - - - ).

From the way in which (41) and (42) were established it is clear that they
hold formally in the general theory of sets. Indeed we can state the more
general

THEOREM 5. Let P be any polynomial set, and let Q be the associate of the
inverse of P. Then

(43) e'r ~ ZOP,.(x) Q.(0)/n!.

For, let L be the differential operator* (in general of infinite order) that
carries the identity set 7 into P: L[x*] =P,(x), and let Q be the inverse of P,
so that L[Q.(x)] =2". Since Q and Q are associate,

Qt, ) ~ 20a(2)t7/nl ~ - Qu(Hx"/nl.
Then,

L[OG, x)] ~ et= ~ 2 Qa(L[x"]/n! ~ 3 Qu(®) Pu(x)/n!,

and this is (43).
If P is a polynomial set (if Q is a triangular set) then § (P) is uniquely
determined by (43). Hence we have the converse

THEOREM 6. If P, Q are any polynomial and triangular sels, respectively,
satisfying (43), then Q(P) is the associate of the inverse of P(Q).

We can now complete Theorem 3. Define
Rau(t, ;M) = (N — NDOG, %3 N).
* That L exists is established in Sets, p. 29.
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Since Q;(x; \) contains at most a simple pole at A=X\,, R,(¢, x; N) is analytic
at A=\,. Q(¢, x; N) has then, at A =X\, at most a pole of first order. Now

LI0¢, ;0] = La0] + 20 = e= + 20, x; N);

therefore L[R.(¢, x; N)]=(A—Na)et=+AR,(¢, x; N), and (on letting A—\,)
LIRA(, 2; Ma) | =NuRu(t, x5 Na). Now R,(¢, %;\,) can be expanded about £=0.
Hence by Theorem 2 it can differ from D,(f) at most by a factor independent
of :R.(¢, x; N\a) =H . (x)D.(f). Similarly, L[R.(¢, x; N\a) | =N\R.(t, x; \,), and
since R, (¢, x; \,) is an entire function in x, we must have (Theorem 1)

@) R.(¢, 2;Ns) = cayn(2)Dn(f) (ca = constant).

We agree from now on that in y,(x) and D.(f) we shall choose the coeffi-
cients of x», ¢» respectively to be unity:
(ii) y"n = 1, dnn = 1.
From (29) we see that the coefficient of * in (A—X\,)Q.(x;\) is —1, and since

0

R.(¢, x; \,) = Z { }\1_1'1: N = N)Qul(x; )\)}t"/n!,

i=n

the coefficient of 27" in R.(¢, x; \,) is —1/x!. Hence, by (i, ii), c.= —1/n.
Now let v, be a closed contour in the A-plane surrounding the point A =\,
but containing in its interior and on its beundary no other A;. Then

1
271

THEOREM 7. At each of the points N=X\,, Q(, x; \) has a simple pole with
residue —v,(x)Da.(t)/n!, so that

1

21l'i ..

f 0, %3 Ndx = lim (A — MO, %3 N) = Ra(t, %3 M),
n AN,

(44) f 00, % Nk = — ya(£)Da(D) /.

From (44) we have
— ya(x)D,(8)/n! = lim (N — N\,)Q(, x; N).
AN,

On using (32), then,
— Yu(2)D,(#) /7! = lim (A — N,)Qn(x; N)t*/n!
)‘_')‘n

(@) 4+ lim (N — N)Qupr(2; N/ (n 4+ DV - - -,

A,

so that on equating coefficients of ¢7,
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(b) = 9a(@)/nt = lim (A = X)Qa(2; N)/nl.

From (b) follows the relation
-1

© ya(x) = — f 0.(x; N
2wt d,

Using (29) in (b), we can express y,(x) in terms of the Q,’s:
(441) yn(x) = x" — {o'n—l,nQn—l(x; )‘n) R o'n—k.nQn—k(x; )\n) } .

This relation can be reversed rather simply as follows:
Equating like powers of ¢ in (a) gives

— Ya(2)dn nyi/n! = )}11:1 N = N)Qnri(x; N)/(n + 9)!,

so that y.(x) is, with a certain constant factor, the residue of Q,.;(x; \) at
A=N\.. Hence y._(x) is, to within a factor, the residue of Q.(x;\) at A\=\,_;,

and there exist certain constants ¢no, ga1, - * - , gnn (independent of x and \)
such that
yo() y1(%) ya()
44" nx;>\= n +n +'+' nn .
(44") On(x; N) oy T T ™y

The gn’s can be found successively from recurrence relations.
The relation (44) suggests the partial fraction expansion
2, ¥n(%)Dx(?)
45 t, x; X = —_—
(45) o( ) E) =Nl
Assuming (45) to converge uniformly, and applying the operator L,, we ob-
tain

(46) er = Sy (x)Duld)/n.

n=0

We shall establish the validity of (45, 46) after we have developed some
necessary inequalities. Let us observe, however, that (46) is of type (43) so
that by Theorem 6 (and this holds for the general theory of sets) we have the

COROLLARY. The sets {y.(x)}, {Da(t)} are respectively the associates of
each other’s inverse.

4. Some inequalities for y.(x), D.(¢). Let N, be defined as in (3).
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LEMMA 5. For all n and for all i >0,
47) | Aagi — )‘”| > C[-E nk-15 4 k(k—_l)_nk-aiz 4+ .- +ﬂik:| ,
1! 2! k!
where C is a positive constant independent of both n and 1.
To show this, we can write
(a) Mti — M = B(n, 1) + b [Ai1,i0 Y + Aig an®232 + - - - + Agi*]

where B(n, 1) is a polynomial in # and 7 of degree <k; and a simple calculation
gives for the 4,, the values

A1 = k/1, Aps s = k(E —1)/21, - - -, Ao = k!/EL.

The bracket on the right hand side of (a) agrees, then, with the bracket in
(47). It is now a straightforward argument to show: first, that for » or 7 (or
both) sufficiently large, the bracket is the dominant term in (a); secondly,
that for < and # both bounded, a C exists. (47) then follows.

With a properly adjusted C we have the

COROLLARY. For all n and all 1 >0,
(48) | Mapi— M| = Ci(n + )%t (C > 0, independent of n and 7).

The coefficients in the series

Dn(t) = de't'.

are given (see (13)) by*
()‘a - )‘n)da + aa,a—ld -1+ a, ,s—2ds—2 + -+ oa ,s—kdc-k = 0,
s=n+1,n+2---,

(49

with d,=1. Let S be a positive number such that

(b) || <5, 04, j=<c&.
Then
LEMMA 6. For all n and i(i >0) we have, with C as in (48),
(50) | domii] < i(:?i)(l +£k;>i—1.
i\ C C

(50) is readily established (by use of (48)) for :=1, 2. Assuming it to be
true up to ¢ —1, we shall prove it true for 7 by induction, as follows:

* For simplicity we use d, for dn,.
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l dn+i| = ———[l an+i.n+i-ldn+i-l! + -+ | an+i.n+a—kdn+s'—k| |
| An+5 — M l
Sk -2 -3
S —_— ? — 1 k-1 . 2 k—2
—Ci(n+i)k—l[("+’ AT Ay

dbi—*-
i — B)O
Fok o],

where a=(Sk/C), b=14(Sk/C);

a?i—*-1 (1 — ) (i—1DGE—-2)
dovi| < bkt Y T pks ...
l"+| [ tr n-l—z o (n+ 0)2 +_
i —1)---G—k4+1
+ (i—1) (-t + )]
(n 4 9)*1
a2bi—k—l bk a?bi—k—l abi—l
< [bk—1+bk—2+...+1]§ . - =—)
b—1 1! 1!
and this is (50).

Consequently,
LEmMmA 7.

phi—1

b
(51) D) Kit»+ % g 4 -‘;—'t"“ + -+ 4. L pined,

1!

a, b, p=max (1, a) independent of n.

We now turn to y.(x). Its coefficients satisfy (as we see from (5)) the equa-
tions

(52) ()‘O - )‘n)ya + Os,8+1Ys+1 + o, 842)s42 + 4o a+kYs+k = 0
(s=0,1,---,n—1),
with y,=1.
LeMMA 8. The coefficients of y.(x) satisfy the inequality

nin—1)---(n—1i4+1)/Sk SE\i-1

for alln and i (i<n).

The proof, by induction, differs very little from that of Lemma 6, and
may be omitted. From (53) we get
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LEMMA 9.

n(n — 1) n!
—abx™ 4+ - - -+ - abm!

! n!

ya(2) L 2™ + —;—t;ax"‘l +
(54) ’
n n!
< q[x" + T LA SR o ;b"] L gq(x + d)n,

g=max (1, a/b) independent of n, so that for all n and x,
(55) | 3a(2)| = q([2] + &),
Combining Lemmas 7, 9:
| y(®Du) | < pees1[| 4] (2| + )] (for all m, =, 9).

Hence we have

THEOREM 8. The series D o v.(x)D.(t)/n! converges uniformly in every
bounded x, t region, and represents an entire function in the two variables x, ¢.

COROLLARY. The series D o {ya(2)Da(t)/[(\a—N)n!]} converges uniformiy
in every bounded x, i, \ region (the points \=XNo, Ny, - - - being deleted).

The above two series are the right hand members of (45, 46). It remains
to prove that they represent the corresponding left hand members. Let
H(t, x; \) denote the sum of the series in the above corollary. H and Q have
then the same principal parts at N=X\o, Ay, - - - so that Q—H is an entire
function in all three variables. On applying the operator L, term-wise (as we
may) to the series H, we get

(a) L[Q¢, 2N — H{t, ;0] = et — iy,.(x)‘Dn(t)/n!.
0

Hence the left hand member is independent of \, and represents a function
C(¢, x) that is entire in ¢ and x: C(f, ) =) mn=0 Cmax™". The right hand
member of (a) has zero as coefficient of ™", m=n, so that c¢m,=0, m=n.
Hence

Cly 5) = Sea(x)tm,

n=1

(b)

[

where ¢,(x) is a polynomial of degree not exceeding n»—1.
Now et and D _g yn(x)Da(¢)/n! are self-dual functions; the same is then
true of C(¢, x):

(c) Llc@, »)] = Llce, 0)].
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"On substituting into (c) the series (b), and equating coefficients of like
powers of ¢, we obtain the equations
Lo(x)ca(x) + Li(x)ca (x) + - - - + Li(x)c,® (%)
(d) = xncn(x) + an,n—lcn—l(x) + an.n—2¢u—2(x) S au.n—kcn—k(x)
(n=12,---).
It is at once verified thatt c,(x) =0. Assume that c¢;(x) =cy(x)= - - -

=cn_1(x) =0. We shall show that ¢,(x) =0. On our induction assumption, (d)
reduces to

(e) L[c,,(x)] = chu(x) .

¢.(x) is an entire function, so that by Theorem 1, ¢,(x) =a.y.(x), @¢. a con-
stant. But ¢,(x) is of degree less than #; hence a.=0, and c.(x) =0. That is,
C(t, x)=0, and the right hand member of (a) is zero.

We have just established (46). Equation (a) then gives us

() Lo, =\ — H(, 25 M)] =0,

where Q—H is entire in ¢, #, \. By Theorem 1, (a’) has an entire function
solution (#0) if and only if A\=Ng, Ay, - - - . Hence Q—H =0, A5\, Ay, - - -,
and by continuity Q — H =0 for all ¢, x, \. That is, Q=H, and this is (45). We
thus have

THEOREM 9. The two series
2, ¥a(2)Dn(?) od

45) Q@ N = X2 : (46) €= = 3 ya(2) Da(f)/n!
=0 ()\,. -_— )\)’n! =0
are valid for all t, x, N (No, Ny, - - - deleted).
CoROLLARY. Tke expansion
(56) P(t, % N) = 22(\ = N)3a(2) Da(t) /n!

n=0

is uniformly convergent in every bounded t, x, \ region, thus representing an entire
function in all three variables. (See (26).)

5. Further inequalities; expansions in D, (f), ¥ .(x). In the present section
we investigate the question of expansions of functions in terms of the two
sets {D.(t)}, {¥.(x)} (introduced in (19)). For this we require some further
inequalities. In the equation

1 For ci(x) =constant=c, say. Then loec=(loo+In)c, so that cl;;=0. Now if I;,=0, then Ay =2,
which contradicts our assumption (Am7\a, m# ). Hence /170, and ¢=0.
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“) L[ya(2)] = Nya(2)
make the transformation x =x*—+. On setting y,*(x*) =y.(x) we have
4") L*[yX(a%)] = Mayd(=%),

where L* is an operator similar to L, L*(x*) being equal to L;(x). In particu-
lar, bew* =lery Deia= — Ry +1k k1.

If we denote by {D.*(f)} the set of functions corresponding to {y.*(x*)},
then by. (46),

46") o5 = 3y M) D) /.

n=0

But y,.*(x*) =y.(x), e=* =¢!=-e7*. Hence D.(¢) is transformed into

(57) DX(#) = e Da(1).
Choose
(58) Y = lk,k-l/klkko

Then I#* :-1=0; i.e., the sum of all the zeros of Ly*(x*) is zero. There is clearly
no loss in generality if we go from (4) to (4’’) for the choice of  in (58). Then,
dropping asterisks, we shall henceforth suppose that in (4'), li,x—1=0.

Lemuma 10. For all n and s(s >0) we have
1 b
(59) I dn.»+c| é - - dnu = 1,
n s!
h being independent of n and s.

To show this, substitute in equations (49) for the d’s the numbers 7;
defined by

(a) Tots = Ndnysy s = 0,1, -+ |1, = n.
This gives
(b) ()\n+c - )\u)’n+c + dntsnto—tnte—1 + - - -+ Onpsmps—inte—t = 0

(S=1’2"")-

Solving for ..., and using the values of the a;;’s (given by (14)) as well as
the relation /;,;—1=0 and the inequalities (48), we find that
I Tnis—1 l I Tnts—2 | | Tnis—3 l

f"=”,|rn+al§(h/s)[ n+s + ”+s (n+s)2

I fn+t—k| :l
ot el

(c)
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where 22Sk/C. Choose # =max (2, Sk/C). On setting

tn-}-a—l ¢ +8—2 tw+:—8 tn-l-c—k
+— ,

(d) ‘»="’t“+'=(h/s)[n+s (n+s)  (n+s)? “.+(n+s)"'l

we have tnys = [Fats .
A simple calculation gives us f,.1<k/1!, t,,a<h?/2!; we shall establish
the relation

(e) bats S h‘/s!, s >0,
by induction, assuming it true up to s—1. For
; < h [ ho—l + hc—2 + + hc—k ]
ME L =Dt (5= 2)n+ ) (s — k)!(n + 5)*1
é_h_‘ 1 [1+s—1j1+ s—2 (s—2)(s—3)
st n+ts B\ h(n + s) h3(n + s5)?

Ry

1 2(s — 1) h*
L T
sl n4s h s!

which is (e). Then, |74, | <#*/s!, and from this (59) follows. From (59) we get
THEOREM 10. D,(¢) is asymplotically given by

(60) D) = t»[1 4+ 4.(0)]
where
(61) | 4.(8) | < eMl/m.

THEOREM 11. Let C(f) =D o ¢t have r as its radius of convergence. Then
the seriest C*(t) =D ¢ caDa(t)

(a) comverges absolutely at every point in |t| <r;

(b) converges uniformly in |t|<r’'<r,r' arbitrary;

(c) diverges in |t|>r.

In particular, D.(8)-expansions have circles, center at origin, as their regions
of convergence.

In fact, for n sufficiently large,

Hocat®| S| caDua(®| = | cat®| - | 1 + 4a() | = 2] cat®] .

t If r=0, the only point of convergence for the C*(¢)-series is #=0.
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In C*(t) =) o caDa(t), let lim sup|c.|/»=0 <, so that the series has a
radius of convergence r=1/¢>0. We may expand C*(¢) in a power series in
1: C*(t) =Y ¢ cn*t», with
(l) ¥ = codon + €11n + - - - + Codnn (” =0, 1’ e )'
Since, by hypothesis, |c. | <4 (c+€)", €>0, 4 =A,, we have (see (50))
| et = Afe(1 + ) Y/nl + (0 + ol + )* %/ (n — D! + - - -

+ (¢ + O™ la/11 + (o + )],
a=Sk/C. That is,

| c#| =< 4( +)"[1+ ¢ {1+1(1+d>+ +1(1+0)M}]
wi=dalete o+ el1t ' 21\s £« 2\o + ¢

a

<4 [l + e(”“)/("’")] (0 + €)* < B(c + ¢)", B independent of #.

g €

Therefore lim sup |c,* |1/ <0, and we have

LemMa 11. If C*(@t) =D g c.D.(t) has the radius of comvergence r, then
C*(t) =D_¢ ca*t" has a radius of convergence at least as great as r.

The converse theorem is also true. Its proof, which is not so immediate,
can be made to depend on inequalities regarding the functions ¥ ,(x) of (19):

19 Ya(x) = Olyno + 1lyux + - - - 4 nlyxn.
Set 2, =i!ya;/n!. Then, by (5),
()‘a - xn)(s + k) st (S + I)Z, + a'a.a+l(s + k) ot (S + 2)zl+l + -

62
( ) + OoutrZrr =0 (s = 0,1,--- ))
with 2z, =1. We find, using (48), that

. h h?
|z,._1|§m» Izn_zlgz;, n > 1, b = max (2, Sk/C),

and an induction gives us (compare Lemma 10)
LEMMA 12. Foralln>1and all i (0<i=<n),
(ii) | 2n.nei| < Bi/(iln).
We can write
Va(x)/n! = 27|20 + 201/2 + - -+ + 20/27]

1(1/h 1/ h\? 1 /h\"
= x_”[l +—{_<—>5n1 + —"('—> bna+ -+ - + '_<’_) Bnn}]’
n L1\ x 21\ % n!\x
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where |6.:| <1 for all » and 4. This gives us

THEOREM 12. Y, (x) has the asympiotic form

(63) Ya(2)/n! = x[1 + Bay(x)/n]
wheret
(64) | Ba(2) | < b=l

Let us now consider the expansion (46) for et=. This is (in the variable x)
the Borel entire function associated with 1/(1—¢x), and y.(x) is the Borel
function associated with ¥ .(x), thus suggesting the expansions

@) 1/( — tx) = SVa@)Da(i)/n! = T(, =),
1 & 7./9D.0)
) x—t = x(n!) .

To verify this and determine the region of validity of (a, 65), we appeal
to relations (60) and (63), which show us that T'(¢, x) is analytic in any region
for which [tx|<1, and that the series for T(¢, x) converges uniformly for
|#x| < <1.Let x trace the circle |x | =8>0. The series in question then con-
verges uniformly for |¢| <a/3, and we may multiply it by */*/u and integrate
term-wise with respect to % around I': |u |=3:

L[ T0 gy SOOI )

27 u 0 n! \2n1 u

since

1 Va(w)

2riJr  u

e*'*du = y,(x).
If we now expand T'(¢, ») in a power series about # =0 (as we may):
T(t, u) = Y Ta(t)ur,
0

we find that T,(f) =¢, so that (a) is true for |tx | <1. Therefore (65) holds.
Now by (63), lim sup |V.(1/x)/n!|Y»=1/|x|; whence from Theorem 11
follows

t For x=0, [ Y,.(x)/n!| = |z,.o| <h"/(n! n).
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THEOREM 13. For every x the series (65) has the interior of the circle |t| = |z |
as ils regiont of convergence. In every region |t|<p<|x| the convergence is
uniform.

If f(¢) =D ¢ fat® is analytic in |t|<r, we get from (65), by Cauchy’s
integral formula:

od 1 Y.(1
(66) 0= % 5= /. e LR Y)

am0 (271 x(n !)

valid for |¢| <7’ <r. But 7’ can be chosen as close to 7 as we desire; hence (66)
is true for all |¢| <7, and is uniformly convergent in every closed region in
|t] <r. This is the converse of Lemma 11. Combining the two we have

THEOREM 14. The function f(t) has a convergent D,(t)-expansion if and only
if it is analytic about t=0; and its D.(t)-expansion and its power series expan-
sion have the same radius of convergence.

A D, (t)-expansion is unique. For if D 5 c.D.(f) converges, it converges
uniformly (Theorem 11), and we may write Y o ¢aDa(t) =D ¢ ca*¢", Where
the ¢,* are given by (i). If the ¢,*’s are given, these equations (i) determine
Co, €1, + - - uniquely.

Let us sum up our theorems on D, (¢)-series:

THEOREM 15. The series D o caDa(t) has the single point of convergence t =0
if and only if lim sup |c,|V/»= . If lim sup|c. |!/r=0 <o, then the series
converges throughout |t| <1/c and diverges throughout |t|>1/c. In |t|<1/q
the convergence is absolute, and in every closed region in |t|<1/o it is uniform.
If f(t) denotes the sum of the series, then f(t) is analytic in |t| <1/c, and 1/
is the radius of convergence of f(£) =) o ful, i.e., the Da(t)-series and the power
series for the same function have the same radius of convergence. Furthermore,
a D, (t)-expansion is unique, and the coefficients are given by

67) Cn =

1 f(x) Ya(1/2)
__L : dz,

271 x n!

C being a contour about x =0 and lying in Ix l <1/a.

We turn now to ¥ .(x)-expansions. From (60, 63, 46) we readily deduce
LemMA 13. The function 1/(t—x) has the expansion

1 & Ya(#)D./)
(68) ;_x“E t(n))

t Points of the boundary may be points of convergence.



1933] POLYNOMIAL SOLUTIONS OF DIFFERENTIAL EQUATIONS 209

which for a given t has the interior of the circle |x | = |t| as its region of conver-
gence. In every region |x| <p < |t| the convergence is uniform.

In ways analogous to those used for Theorem 15, we can establish

THEOREM 16. Everything saidt of D, (t)-expansions in Theorem 15 holds for
{V.a(x)/n!}-expansions, with the modification that the c.’s in 3 o ca¥q(2)/n!
are now given by

_1 A)_
(69) = p «(1/8)dt,

C being a contour about t =0 and lying in |t|<1/e.

6. Biorthogonality relations; differential equations for A,(f), V,.(x). In
the equation

1 eut
(18) D) = — fo = an(t/w)dm,

C being a contour surrounding % =0 and lying outside of |« |=p, replace e
by its expansion 35 oy.(%)D.(f)/s!, which converges uniformly on C. This

gives us o { f y,(u)A,.(l/u) } .0
m = 271 o

whence by uniqueness of D,.(t)-expansions we have

THEOREM 17. The functions {y.}, {A.} are biorthogonal in the following
sense:

(70) f y‘(“)An(l/“) {0: s#n,

271 1,s =mn.

If we start with the relation

zTU

1 e
(20) ya(x) = Pyl M w(1/%)du,
u

I’ being a contour around » =0, we obtain the uniformly convergent expan-
sion

@ Jula) = 3, {—1—. [ Wdu}y.(x)-

=0 271 slu

As we have not established uniqueness of y,(x)-expansions, we cannot at once
conclude that the brace in (a) is zero or one. But this can be proved in the
following way.

1 We must of course except the conclusion of Theorem 15 for the case im Sup peg |cs |1/r=c0.
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Denote by ¢,, the brace in (a), so that y,(u) = =_cn.y.(%), uniformly con-
vergent for all bounded ». Multiply both members by A.(1/%4)/(n!u) and
integrate term-wise over the contour C of (70). This gives us, by (70),

Cns?!

o0
ur = D CneS!00/nl; i.e.,8n =
80 n!

)

orc,,=0,rn;c.,=1. Hence we have

THEOREM 18. The functions {D.}, { Y.} are biorthogonal in the sense

'l—f ‘D.(u)Y,,(l/u)du _ {O, s #n,

2w

(71)

nlu 1,s =n.

By means of (70) we can show that a y.(x)-expansion is unique if it con-
verges uniformly in a region that contains the region |x| <p+e,e >0 sufficiently
small. Here p is, as before, the maximum absolute value of the zeros of L(x).
This is equivalent to saying that if the function zero has a y,-expansion that
is uniformly convergent in |% | <p-+e¢, then the coefficients in the expansion
are all zero. This result follows on multiplying the series in question through
by (1/4)(1/n)A.(1/%) and integrating over C, using (70).

We can sharpen this conclusion by further considering the functions
A, (). We know D, (¢)is the Borel entire function corresponding to A,(). In
general,

DEFINITION. If the two functions A(t) => s a.dr, B(t) =D o nla.t" are ana-
lytic about t=0, then A (%) is the Borel entire function associated with B(t), and
we write A(t) = BEF{B(t)}.

It is easily established that
Lemwma 14. If A(t) =BEF{B(t)}, then A’(t)=BEF{(B(t)—B(0))/t}.
LeMMA 15. For all 05 <1,

ROV i &
(72) 1D, () = BEF{t 7 ¢ "AL() }

This can be established by a straightforward induction argument, using
Lemma 14; the proof may therefore be omitted.
Since D, (¢) satisfies the differential equation

LID.0] = Lo®Dalt) + LaBDI ) + - - - + LaOD (&) = MDald),

where .(;(#) is a polynomial having no term #* with %<7, we may apply
Lemma 15. It gives us
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THEOREM 19. The functions A.(t) satisfy the kth-order linear homogeneous
differential equation

k k d‘
713) zz@wd

imj jem0 b (#7780(8)) } = Maln(?).

Here the coefficients of the various derivatives of A,(f) are polynomials
in ¢, that of A,®(#) being

tR(lpot® + Lnt* 14 - - - b)) = t“Lk(l/t).
COROLLARY 1. Tke only possible singularities (in the finite plane) of the
Sunctions A,(t) are at the reciprocals of the zeros of Li(t).

A,(1/1) has then only the zeros of Li(t), and the origin, as possible singu-
larities. From this follows

COROLLARY 2. In relations (18) and (70), the contour C may be chosen as any
contour which has the origin and all the zeros of Li(u) in its interior.

By the argument used just before Lemma 14, applied to equation (70)
with a contour C of Corollary 2, we have

THEOREM 20. A y.(x)-expansion is uniquet if it converges uniformly in a
simply-connected open region R that contains the origin and all the zeros of
L;,(x)

The numbers {\,} are the characteristic numbers for our original equa-
tions (1), (12). It is natural to inquire if they have like significance for equa-
tion (73), regarded independently of its origin. The answer, in the affirmative,
is given by

THEOREM 21. The differential equation

(713) iz{w

to=j =0

t“’A(t))} = NA(?)

has a formal power series solution about the origin if and only if N=N\o, Ny, - - -,
and when N=X\,, there is a unique solution (lo within an arbitrary constant
multiplier) ; this solution converges about t =0, and is, in fact, the function A(f).

To prove this, assume the expansion A(f) =)y a.t". On substituting into
(73/) and equating coefficients, the values Ao, My, - - - are found to be the only
possible ones, and these yield unique solutions. The remainder of the theorem
follows from the fact that A,(¢) 4s a solution for A =\,.

t That is, if two such expansions (uniformly convergent in R) represent the same function, cor-
responding coefficients are equal.
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We now turn to the functions {¥.(x)}. From equation (4) for y.(x) and
the property that y.(x) =BEF{Y.(x)}, we derive the corresponding differ-
ential equation for ¥,(x). Unlike the case for A,(¢), however, the new equa-
tion is of infinite order. In fact, we have

(a) Vo(x) = Yo+ Yizx+ - - + Vo,
where ¥;=ily;. (We write ¥, y; for Y., ¥a:.) From (a) follows
LeMMA 16. The coefficients of ¥ .(x) are given byt
(®) Youi= [1/(n — i)!][Y"“" @ — AT (@) + (/207 (2)
A (= DY@ G=0,1, -, ).

To show this let T,(x) denote the right hand member of (b). Since ¥ ,(x)
is of degree n, T.(x) is unaltered if we add to it terms containing higher
derivatives of ¥,(x) than the nth. That is, we can write

the series being uniformly convergent in every bounded region. Letting C
be a contour surrounding the origin, we have

n( ) (n—i+ts) _ (” - i+ s)!f Yn(u)
c

Y, x
2m c %— x “ (=) 2w (u — x)n—itet1

(n—i+1) (n—i+2)

Ya(x) =

’
and on substituting into T,(x), we obtain

Ta(x) = ' f LG

2ride (w — x)nitt

{Z O LR P R

) S

- x) }du.

Now the brace is the expansion of

x —(n—i+1) u — x\"itl
G -G
U—2x %

valid for |x/(x—x) | <1. We can choose C to satisfy this condition and also to
surround the origin. Then,

Ta(x) = (1/@ri) fc {Va() /wr5+1} ds = Vs,
That is, (b) holds.

t (b) is of course true for any polynomial of degree 7.
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Now let 0 <7 <i. From y,(x) = _r_oy:x: We obtain

iy, (x) = n(n —1) - - (n — i + 1)yxn—iti
+ (1 —=1) - (n = D) ypram i o ilyd
(n—1i+ ) +(n—i+j—1)!

= BEF {——_Y,.x”““ .
(n — 9)! (n—1—1)

Yn_lxn—H- i—-1

J! :
+.‘.+_ ? .
O!Y'x}’

and on using (b) of Lemma 16, this gives

(c) xiy,9(x) = B EF{ Op;i ;2™ HIV (M () + Oy, i@ 71V, (D (2) - - - -
+ 04327729 () },
p—i+D _@-iti-D!
(p—awpot (G-i-1l(p-11!

J!

() 05 =

+(—1)P_‘ (p=i,i+ly"':”)°

We readily get

LemMA 17. The quantity 0,;; is the coefficient of u»=% in the power series
expansion of e=*H ;;(u), where H ;;(u) is the entire function
2 G+ 9!
Hi(w) = Y —————ue.
= 2 T
If we substitute the value of 7y, (x) as given by (c) into equation (4),
for A =X\,, we obtain

k 3

> Zl‘i{am‘.jxn—-ﬂiyn(n)(x) F Oy IV, D ()
tm0 jue0

74
( ) + 0;;;jfo,(‘>(x)} = )‘nY»(x)’

which is a linear homogeneous differential equation of order » for ¥,(x).
(74) can be written in the form

(74’) Mo(x)yn(x) + Ml(x)Yn' (x) + st + Mn(x)Yn(n)(x) = Xuyn(x)’

where

(75) Mi(x) = Z{lrooi;roxi_' + lrloi;rlx‘.—r“-l + st + lrroi;rrxi} )

=0

withs=kif i=k, and s=1i if i <k.
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Clearly, M;(x) is independent of #. Since ¥,®(x)=0, s>n, we see that
the functions {V.(x)} are solutions of the linear homogeneous differential
equation of infinite order

(76) 2 M ()Y (x) = NV (%),
=0
where for ¥ (x) =Y ,(x) we have A =X\,.
It is seen that M,(x) is a polynomial of degree not exceeding %, so that
equation (76) belongs to the type considered in Sefs (pp. 29-31).

THEOREM 22. The only polynomial solutions of (76) are the polynomials
{V.(x)}, and the only characteristic numbers are therefore {\=X\,}.

For let ¥ (x) be a polynomial satisfying (76) with the value A=X\’. Then,
since the relation between equations (4) and (76) can be traced in botk direc-
tions, the polynomial y(x) given by y(x)=BEF{Y¥(x)} will satisfy (4)
for A =M\’. This can be true only if A’ is one of the numbers A,, and in this case
we must have y(x) =y.(x). Hence ¥ (x) =V.(x).
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